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Lecture 10: Selected topics in semiconductor fundamentals
 Fermi-Dirac distribution and Fermi level
 Semiconductors and band structures 
 Density of states
 Carriers in equilibrium
 Carriers in quasi-equilibrium
 Band-to-band optical transitions
 Direct transition rates
 Optical gain
 Degenerate semiconductors
 Semiconductor junctions
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References:  This lecture follows the materials from Photonic Devices, Jia-Ming Liu, 
Chapters 12-13.  Also from Fundamentals of Photonics, 2nd ed., Saleh & 
Teich, Chapter 16.  
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• For a semiconductor in thermal equilibrium the energy level 
occupancy is described by the Fermi-Dirac distribution function.

• The probability P(E) that an electron gains sufficient thermal energy
at an absolute temperature T such that it will be found occupying a 
particular energy level E, is given by the Fermi-Dirac distribution:

P(E) = 1/(1 + exp (E – EF)/kBT)

where kB is the Boltzmann constant, kBT is the thermal energy and EF is 
the Fermi energy or Fermi level.  (kBT = 26 meV at T = 300o K) 

• The Fermi level is only a mathematical parameter that gives an
indication of the distribution of carriers within the material. 

Fermi-Dirac distribution and Fermi level
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Energy level occupancy of an intrinsic semiconductor in 
thermal equilibrium at a temperature T
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• Each energy level E is either occupied by an electron (with probability 
P(E)) or empty (with probability 1 – P(E)).

• At T = 0o K, P(E) is 0 for E > EF and 1 for E < EF.
=>  EF is the division between the occupied and unoccupied energy
levels at T = 0o K.

For energy level E:

P(E) = probability of occupancy by an electron
1 – P(E) = probability of occupancy by a hole (in the valence band)

• P(EF) = 1/2 , whatever the temperature T, the Fermi level is that energy
for which the probability of occupancy would be ½ (given an allowed 
state).

Fermi-Dirac distribution and Fermi level
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• When E – EF >> kBT, P(E) ≈ exp [-(E – EF)/kBT]

The high-energy tail of the Fermi function in the conduction band
decreases exponentially with increasing energy

• By the same token, when E < EF and EF – E >> kBT

1 – P(E) ≈ exp [-(EF – E)/kBT]

The probability of occupancy by holes in the valence band then
decreases exponentially as the energy decreases well below the Fermi
level.

Exponential approximation of the Fermi function
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Semiconductors and band structures
 The energy of an electron is a function of its quantum-

mechanical wavevector k.
 In a semiconductor, this dependence of electron energy on its 

wavevector forms the band structure of the semiconductor.

 For example, in the case of Si, the minimum of conduction 
bands and the maximum of valence bands do not occur at the 
same k value.  A semiconductor that has such a band 
characteristic is called an indirect-gap semiconductor, and its 
bandgap is referred to as an indirect bandgap.

 A semiconductor like GaAs ia direct-gap semiconductor 
because its band structure is characterized by a direct 
bandgap, with the minimum of the conduction bands and the 
maximum of the valence bands occurring at the same value of 
k, which in this particular case is k = 0 
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Approximated E-k diagrams for Si and GaAs

Si GaAs
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Band structure
 The minimum of the conduction bands is called the 

conduction-band edge, Ec, and the maximum of the valence 
bands is called the valence-band edge, Ev.

 The bandgap, Eg, is the energy difference between Ec and Ev:

Eg = Ec – Ev

 The bandgap of a semiconductor is typically less than 4 eV.  
 With the exception of some IV-VI compound 

semiconductors, such as lead salts, the bandgap of a 
semiconductor normally decreases with increasing
temperature.

 The photon wavelength corresponding to the bandgap:

g = hc/Eg (where hc = 1239.8 nm-eV)
8
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Particle nature of electrons:  electron momentum and 
effective mass

 When an electric field is applied to a semiconductor electrons 
in the conduction band acquire directed velocities v.

 These velocities are in the opposite direction to the applied 
field because the electrons are negatively charged.

 Each electron moving in a material has momentum

p = m*v

 The mass m* indicates that this is the effective mass of an 
electron moving in the lattice.  

 m* is not the same as the free electron mass (electron mass in 
free space) because of the wave / particle dual character of 
the electron and its interaction with the lattice (scattering).
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Wave nature of electrons:  electron wavelength and 
wavevector
 The electron momentum can be related to the wavelength of 

the electron, viewed as a wave given by de Broglie relation

p = m*v = h/e

 The wavevector k of the electron (think of electron as plane 
wave) has magnitude

k = 2/e

 We can relate electron momentum p and wavevector k

p = ħk

where ħ = h/2 10
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Electron kinetic energy vs. wave vector
 The moving electron has kinetic energy KE.  
 We can relate the electron kinetic energy KE, momentum p 

and wavevector k

KE = ½ m*v2 = p2/2m* = ħ2k2/2m*  k2

k

KE
from classical 
mechanics

Parabolic
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 The total energy (potential + kinetic) of a conduction electron

E = PE + KE 

= Eg + ½ m*v2

= Eg + p2/2m*

= Eg + ħ2k2/2m*

 Therefore, the E vs. p plot (or E vs. k plot) has a parabolic
shape.  We refer to this energy diagram as band diagram.

The total energy of a conduction electron
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E vs. k plot for the conduction electron

 If the electron receives just enough energy to surmount the 
bandgap, then it does not have energy to be moving and the 
momentum p = 0 (or electron wavevector k = 0)
i.e. the minimum energy of a conduction electron equals Eg.

k
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KE
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Holes can have kinetic energy
 Recall that the holes in the valence band can move => can 

have kinetic energy. 
 A plot of the kinetic energy vs. momentum also has a 

parabolic shape for the holes

E = p2/2mh

 The valence band has a parabolic shape similar to the 
conduction band. 

 But the effective mass of electrons in the valence band is 
negative (the acceleration upon an electric field is negative 
compared to the electron) 
=> The valence band parabolic shape has a downward 
curvature.

Effective mass 
of the hole
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Band diagram with a direct bandgap
E (= ħ) 

p (= ħk) 
Eg

Temperature = 0 Temperature > 0

E (= ħ) 

p (= ħk) 

• The top of the valence bands is typically taken as the reference level.  
• The bottom of the conduction band is located at a higher potential
corresponding to the energy gap. 
• For direct bandgap materials (e.g. GaAs), the conduction band 
minimum lines up with the valence band maximum. 15
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Direct- and indirect-bandgap materials

 Not all semiconductor junctions produce light under forward 
bias.

 Only the direct-bandgap materials such as GaAs or InP
efficiently emit light (a photon dominated process)

 III-V compound gallium arsenide (GaAs) serves as a 
prototypical material for light-emitting devices.
 p-type GaAs --- beryllium (Be) and zinc (Zn) as dopants 

(column II)
 n-type GaAs --- silicon (Si) (column IV)

 The indirect-bandgap materials like silicon , germanium 
support carrier recombination through processes involving 
phonons (lattice vibrations).

 Although indirect bandgap materials can emit some photons, 
the number of photons is of orders of smaller magnitude than 
for the direct bandgap materials.

16
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Section of the periodic table relating to semiconductors

II III IV V VI

B C N

Al Si P S

Ga Ge As SeZn

In Sb TeCd

O

Sn

Hg

• The “column” number represents the number of valence electrons
(e.g. column IV has four valence electrons)   

• We will briefly discuss elemental, binary, ternary, and quaternary 
semiconductors, and also doped semiconductors. 17
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Elemental semiconductors
• Silicon (Si) and germanium (Ge) are important elemental
semiconductors in column IV (so called Group IV) of the periodic table.

• Nearly all commercial electronic integrated circuits and devices are 
fabricated using Si (CMOS).  

• Both Si and Ge find widespread use in photonics, principally as 
photodetectors (Si for  < 1.1 m, Ge for  < 1.9 m), Si-based solar 
cells, CCD cameras and CMOS cameras. 

• These materials have traditionally not been used as light emitters
because of their indirect bandgaps.
(Technology note:  Silicon and Ge-based Group IV photonics is now a 
frontier research field attracting lots of attention.  Ge-on-Si light 
emission and laser has been recently demonstrated in 2009/10.)  18
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Binary III-V semiconductors
• Compounds formed by combining an element in column III (three 
valence electrons), such as aluminum (Al), gallium (Ga), or 
indium (In), with an element in column V (five valence electrons), such 
as nitrogen (N), phosphorus (P), arsenic (As), or antimony (Sb), 
are important semiconductors in photonics (light-emitting diodes, lasers, 
detectors)  (e.g. gallium arsenide (GaAs), gallium nitride (GaN)). 

Al

Ga

In

N

P

As

Sb 19
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Gallium arsenide (GaAs)

 Silicon represents a prototypical material for electronic 
devices.

 Gallium arsenide (GaAs) represents a prototypical direct
bandgap material for optoelectronic components.

 Aluminum and gallium occur in the same column III of the 
periodic table.

=> we therefore expect to find compounds in which an atom 
of aluminum can replace an atom of gallium.  Such 
compounds can be designated by AlxGa1-xAs
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Ternary III-V semiconductors

• Compounds formed from two elements of column III with one
element from column V (or one from column III with two from column 
V) are important ternary semiconductors.

• AlxGa1-xAs is a compound with properties that interpolate between
those of AlAs and GaAs, depending on the compositional mixing ratio 
x (the fraction of Ga atoms in GaAs that are replaced by Al atoms).  

• The bandgap energy Eg for this material varies between 1.42 eV for 
GaAs and 2.16 eV for AlAs, as x varies between 0 and 1.

• InxGa1-xAs (direct bandgap material) is widely used for photon sources
and detectors in the near-infrared region of the spectrum.
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Quaternary III-V semiconductors
• These compounds are formed by mixing two elements from column 
III with two elements from column V (or three from column III with 
one from column V).

• Quaternary semiconductors offer more flexibility for fabricating 
materials with desired properties than do ternary semiconductors by 
virtue of an additional degree of freedom.

• In1-xGaxAs1-yPy, bandgap energy varies between 0.36 eV (InAs) and
2.26 eV (GaP) as the compositional mixing ratios x and y vary between
0 and 1.  In1-xGaxAs1-yPy is used for fabricating light-emitting diodes, 
laser diodes, and photodetectors, particularly in the vicinity of the 
1550 nm.

• The lattice constant usually varies linearly with the mixing ratio. 22
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Light-emitting semiconductors

material wavelength range (m) Bandgap energy (eV)

GaxIn1-xP 0.64 – 0.68 1.82 – 1.94

GaAs 0.87 1.42

AlxGa1-xAs 0.65 – 0.87 1.42 – 1.92

InxGa1-xAs 1.0 – 1.3 0.95 – 1.24

InxGa1-xAsyP1-y 0.9 – 1.7 0.73 – 1.35

• A desired bandgap energy Eg, (i.e. the radiating wavelength), is 
typically created by using III-V compound semiconductors comprised of 
several components.

*Silicon is not an emitter material, as its holes and electrons do not
recombine directly, making it an inefficient emitter. 23
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Electron and hole 
concentrations

24
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Electron and hole concentrations
 The electron concentration in a semiconductor is the number 

of conduction electrons in the conduction bands per unit 
volume of the semiconductor.

 The hole concentration is the number of holes in the valence 
bands per unit volume of the semiconductor.

 The concentrations of electrons and holes in a semiconductor 
are determined by many factors including the bandgap and 
band structure of the semiconductor, the types and 
concentrations of the impurities doped in the semiconductor, 
temperature, and any external disturbances to the 
semiconductor. 

25
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Density of states
 Because electrons are subject to the Pauli exclusion principle, 

which requires that no more than one electron can occupy the 
same quantum-mechanical state, the number of electrons in a 
particular energy band is determined by both 
 the number of available states in that band, and 
 the probability of occupancy for each state.

 In a bulk semiconductor, the number of electron states in a 
given energy band is linearly proportional to the volume of 
the semiconductor.

 Therefore, a very useful concept is the density of states, 
which in a three-dimensional system like a bulk 
semiconductor is the number of states per unit material 
volume.

26
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Electron and hole concentrations
• Determining the concentration of carriers (electrons and holes) as a
function of energy requires knowledge of two features:

1. The density of allowed energy levels (density of states)
2. The probability that each of these levels is occupied (Fermi-Dirac 
distribution)

Density of states
• The quantum state of an electron in a semiconductor material is
characterized by its energy E, its wavevector k, and its spin.  The state
is described by a wavefunction that satisfies certain boundary conditions.
• An electron near the conduction band edge may be approximately
described as a particle of effective mass mc confined to a 
three-dimensional cubic box (of dimension L) with perfectly reflecting
walls. 27
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Electrons in a box 

 Note that L is an integral number N of unit lattice cells having 
a periodicity of a.  (i.e. L = Na)

 The electron wavevector k = 2/e = n/L = n/Na, n = 1, 2, …
i.e. a is the smallest “potential well” one could construct 

 When n = N, k = /a is the maximum significant value of k.  

L

L

L

e-

k = /L

k = 2/L

a

crystal of size L with perfectly 
reflecting walls

lattice cell of periodicity a (< 1 nm)

x
y

z
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Density of States

 The density of states (E) – tells us how many electron states 
exist in a range of energies between E and E+dE, 

(E)dE = (k)dk

 The total number of electrons in the conduction band is 

n = ∫ c(E) P(E) dE

 The total number of holes in the valence band is 

p = ∫ v(E) (1-P(E)) dE

Ec



Ev

-
29
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Number of states in 2-D k-space

kx

ky

/L

/L

k
k

Real space k-space
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A 2-D “box”
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reflecting walls  

L

L

• Electron standing wave condition:  k = 2/e = n/L n = 1,2,...  30
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• The standing-wave solutions require that the components of the
wavevector k = (kx, ky) assume the discrete values k = (nx/L, ny/L),
where the mode numbers (nx, ny) are positive integers.

• The tip of the vector k must lie on the points of a lattice in k-space 
whose square unit cell has dimension /L.
There are (L/)2 points per unit area in k-space

• The number of states whose vectors k have magnitudes between 0 and
k is determined by counting the number of points lying within the
positive quadrant of a circle of radius k [with area ~ (1/4) k2 =
k2/4].  

*Because of the two possible values of the electron spin (up or down), 
each point in k-space corresponds to two states.

Number of states in 2-D k-space

31
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• There are approximately 2 (k2/4) / (/L)2 = (k2/2)L2 such points
in the area L2 and k2/2 points per unit area.

• The number of states with electron wavenumbers between k and k+k,
per unit area, is

(k)k = [(d/dk) k2/2] k = (k/) k

=>  Density of states in 2-D k-space:

(k) = k/

• The allowed solutions for k can then be converted into allowed 
energies via the quadratic energy-wavenumber relations.
(E = Ec + ħ2k2/2mc, E = Ev - ħ2k2/2mv) 32
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• The standing-wave solutions require that the components of the
wavevector k = (kx, ky, kz) assume the discrete values k = (nx/L,
ny/L, nz/L), where the mode numbers (nx, ny, nz) are positive integers.

• The tip of the vector k must lie on the points of a lattice in k-space 
whose cubic unit cell has dimension /L.
There are (L/)3 points per unit volume in k-space

• The number of states whose vectors k have magnitudes between 0 and
k is determined by counting the number of points lying within the
positive octant of a sphere of radius k [with volume ~ (1/8) 4k3/3 =
k3/6].  

*Because of the two possible values of the electron spin (up or down), 
each point in k-space corresponds to two states.

Number of states in 3-D k-space

33
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• There are approximately 2 (k3/6) / (/L)3 = (k3/32)L3 such points
in the volume L3 and k3/32 points per unit volume.

• The number of states with electron wavenumbers between k and k+k,
per unit volume, is

(k)k = [(d/dk) k3/32] k = (k2/2) k

=>  Density of states in 3-D k-space:

(k) = k2/2

• The allowed solutions for k can then be converted into allowed
energies via the quadratic energy-wavenumber relations.
(E = Ec + ħ2k2/2mc, E = Ev - ħ2k2/2mv) 34
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• If c(E) E represents the number of conduction-band energy levels
(per unit volume) lying between E and E+E, the densities c(E) and
(k) must be related by 

c(E) dE = (k) dk

The density of allowed energies in the conduction band is c(E) =
(k)/(dE/dk).  

• Likewise, the density of allowed energies in the valence band is 
v(E) = (k)/(dE/dk).

*The approximate quadratic E-k relations, which are valid near the edges
of the conduction band and valence band are used to evaluate the
derivative dE/dk for each band. 35
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c(E) = ((2mc)3/2/22ħ3) (E – Ec)1/2 E ≥ Ec

v(E) = ((2mv)3/2/22ħ3) (Ev – E)1/2 E ≤ Ev

• The density of states is zero at the band edge (E = Ec, Ev), and 
increases away from it at a rate that depends on the effective masses 
of the electrons and holes.

Density of states near band edges

k

E

Ec

Ev

Density of states

Ec

Ev
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• In an intrinsic semiconductor at any temperature, n = p because
thermal excitations always create electrons and holes in pairs.
=>  The Fermi level must therefore be placed at an energy value such
that n = p.
• In materials for which mv = mc, the functions n(E) and p(E) are also
symmetric, so that EF must lie precisely in the middle of the bandgap.
In most intrinsic semiconductors, the Fermi level does indeed lie near
the middle of the bandgap (i.e. mv ≈ mc).

EF

E

Carrier concentration

p(E)

n(E)

37

Carriers in equilibrium
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• The donor impurities in n-type semiconductors form an energy level 
just below the conduction band, whilst the acceptor impurities in p-type 
semiconductors form an energy level just above the valence band.

Energy band diagrams – n- and p-type semiconductors

n-type p-type

donor level
EF

acceptor level
EF

38
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• Donor electrons occupy an energy ED slightly below the conduction-
band edge so that they are easily raised to it.  
If ED = 0.01 eV, say, at room temperature (kBT = 0.026 eV) most donor
electrons will be thermally excited into the conduction band.
The Fermi level (the energy at which P(EF) = ½) will lie above the
middle of the bandgap

• For a p-type semiconductor, the acceptor energy level lies at an energy
EA just above the valence-band edge so that the Fermi level will lie
below the middle of the bandgap.

*Note that the doped materials remain electrically neutral.

i.e.  n + NA = p + ND, where NA and ND are the number of ionized
acceptors and donors per unit volume 39
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Energy band diagram, Fermi function, and concentrations of 
mobile electrons and holes in an n-type semiconductor

P(E)
1/2 1

E

E = EF

donor level
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Carrier concentration
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Energy band diagram, Fermi function, and concentrations of 
mobile electrons and holes in a p-type semiconductor

P(E)
1/2 1

E

E = EF

p(E)

n(E)

Carrier concentration

acceptor level
EF
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Carriers in equilibrium
When E - EF >> kBT, the Fermi function P(E) may be approximated by 
an exponential function.  Similarly, when EF – E >> kBT, 1 – P(E) may
be approximated by an exponential function.  These conditions apply
when the Fermi level lies within the bandgap, but away from its edges
by an energy of at least several times kBT.  Using these approximations,
which apply for both intrinsic and doped semiconductors, one can
show that

n = Nc exp -(Ec – EF)/kBT

p = Nv exp -(EF – Ev)/kBT

np = Nc Nv exp –Eg/kBT

where Nc = 2(2mckBT/h2)3/2 and Nv = 2(2mvkBT/h2)3/2.
42
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Detailed derivation of the approximated thermal equilibrium carrier 
concentrations 

n = ⌡ c(E) P(E) dE = (2mc)3/2/22ħ3 ⌡(E – Ec)1/2 [1 + exp (E – EF)/kBT]-1 dE

= (2mc)3/2/22ħ3 ⌡E1/2 [1 + exp (E + Ec – EF)/kBT]-1 dE

= (2mc)3/2/22ħ3 exp (EF – Ec)/kBT ⌡E1/2 [exp (E/kBT) + exp (EF– Ec)/kBT]-1 dE

= (2mc)3/2/22ħ3 (kBT)3/2 exp (EF – Ec)/kBT ⌡x1/2 [exp x + exp (EF– Ec)/kBT]-1 dx

where x = E/kBT
*For Ec – EF > few kBT, i.e. the EF lies within the bandgap but away from the edges

!! It is known that  ⌡x1/2 [exp x + exp (EF– Ec)/kBT]-1 dx = 1/2/2 

= (2mc)3/2/22ħ3 (kBT)3/2 (1/2/2) exp (EF – Ec)/kBT

=  2(2mckBT/h2)3/2 exp -(Ec – EF)/kBT

Ec
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Carriers in equilibrium

n = Nc exp -(Ec – EF)/KT 

p = Nv exp -(EF – Ev)/KT

np = ni
2 = Nc Nv exp -Eg/KT

44
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Law of mass action
 For an extrinsic semiconductor, the increase of one type of 

carrier reduces the number of the other type.
 The product of the two types of carriers remains constant at a 

given temperature.  This gives rise to the mass-action law

np = ni
2

which is valid for both intrinsic and extrinsic materials under 
thermal equilibrium.

n-type: n = ND, p = ni
2/ND

p-type: p = NA, n = ni
2/NA

45
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Generation and recombination in thermal equilibrium
• Thermal equilibrium requires that the generation process be
accompanied by a simultaneous reverse process of de-excitation.  This
process is the electron-hole recombination, occurs when an electron
decays from the conduction band to fill a hole in the valence band 
(think an electron colliding with a hole at the same momentum).
• The energy released by the electron may take the form of an emitted
photon, in which case the process is called radiative recombination.

generation recombination

position 46
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• Because it takes both an electron and a hole for recombination to 
occur, the rate of recombination is proportional to the product of the 
concentrations of electrons and holes, i.e.

Rate of recombination = r n p

where the recombination coefficient r (cm3/s) depends on the 
characteristics of the material, including its composition and defect 
density, and on temperature; it also depends relatively weakly on the
doping level.
• The equilibrium concentrations of electrons and holes no and po are 
established when the generation and recombination rates are in balance.
In the steady state, the rate of recombination must equal the rate of 
generation.

Rate of recombination

47
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• If Go is the rate of thermal electron-hole generation at a given 
temperature, then, in thermal equilibrium,

Go = r no po

• The product of the electron and hole concentrations nopo = Go/r
is approximately the same whether the material is n-type, p-type, or
intrinsic.

ni
2 = Go/r, which leads directly to the law of mass action nopo = ni

2.  

*This law of mass action is therefore seen to be a consequence of the 
balance between generation and recombination in thermal equilibrium.

Law of mass action from thermal equilibrium

48
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Carriers in quasi-equilibrium
 Electrons and holes in excess of their respective thermal equilibrium 

concentrations can be generated in a semiconductor by current injection or 
optical excitation.

 The excess carriers will relax toward thermal equilibrium through both 
intraband and interband processes.

 Intra-conduction-band relaxation allows electrons to reach thermal 
equilibrium among themselves through electron-electron collisions and 
electron-phonon interactions.  

 Intra-valence-band relaxation allows holes to also reach thermal 
equilibrium among themselves through similar processes.

 The time constants of such intraband relaxation processes are generally in 
the range of 10 fs to 1 ps, depending on the concentration of the excess 
carriers.

 Thermal equilibrium between electrons and holes is reached through 
electron-hole recombination processes, the time constants of which 
typically vary from the order of 100 ps to the order of 1 ms, depending on 
the properties of the specific semiconductor and the carrier concentration.

49
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Carriers in quasi-equilibrium
 Thus, thermal equilibrium in the conduction bands and that in 

the valence bands can be separately reached in less than 1 ps, 
but complete thermal equilibrium for the entire system would 
not usually be reached for at leas a few hundred picoseconds.

 If the external excitation persists, the semiconductor can 
reach a quasi-equilibrium state in which electrons and holes 
are not characterized by a common Fermi level but are 
characterized by two separate quasi-Fermi levels.

 In such a quasi-equilibrium state, instead of a single Fermi 
distribution function for both conduction and valence bands, 
the probability of occupancy in the conduction bands and that 
in the valence bands are described by two separate Fermi 
distribution functions.

50
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Fermi functions with quasi-Fermi levels 

 Fermi function for the conduction bands:

Pc(E) = [1 + exp((E-EFc)/kBT)]-1

 Fermi function for the valence band:

Pv(E) = [1 + exp((E-EFv)/kBT)]-1

where EFc and EFV are quasi-Fermi levels for the conduction 
and valence bands

51
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Carriers in quasi-equilibrium
 The density of states, c(E) and v(E), are independent of 

equilibrium or nonequilibrium of the carriers.
 Therefore, in quasi-equilibrium, the electron and hole 

concentrations as a function of energy are 

 The total concentrations of electrons and holes in quasi-
equilibrium are

52

n(E)dE  Pc (E)c (E)dE p(E)dE  [1Pv (E)]v (E)dE
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Carriers in quasi-equilibrium
 In the situation when Ec – EFc > few kBT and EFv – Ev > few 

kBT, the quasi-equilibrium electron and hole concentrations 
can be approximated as

where EF = EFc – EFv is the separation between the quasi-
Fermi levels. 

53

n  Nc (T )e(EcEFc )/kBT

p  Nv (T )e(EFvEv )/kBT

np  Nc (T )Nv (T )e(EgEF )/kBT  ni
2 (T )eEF /kBT  n0 p0e

EF /kBT
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Carriers in quasi-equilibrium
 Because of the splitting of the quasi-Fermi levels in a quasi-equilibrium 

state, the law of mass action in thermal equilibrium is no longer valid but 
is replaced by np = n0p0exp(EF/kBT).

 Note that these approximations are not valid if the quasi-equilibrium 
electron and hole concentrations are high enough to push any one of the 
quasi-Fermi levels to the vicinity of any band edge or beyond.  Such a
situation can happen even in an intrinsic semiconductor under high 
electrical or optical excitation of carriers.

 N > n0 if EFc > EF and p > p0 if EF > EFv.
 Thus, the existence of quasi-equilibrium electron and hole concentrations 

that are higher than the equilibrium concentrations is characterized by the 
splitting of quasi-Fermi levels with EF > 0.

 Quasi-equilibrium in a semiconductor is maintained when the carrier 
generation rate is equal to the carrier recombination rate. 
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Separate Fermi function for each band; the two associated Fermi 
levels, denoted EFc and EFv, are known as quasi-Fermi levels.

Quasi-Fermi levels

• For a semiconductor in quasi-equilibrium, the probability that a 
particular conduction-band energy level E is occupied by an electron 
is Pc(E), a Fermi function with Fermi level EFc.

• The probability that a valence-band energy level E is occupied by a 
hole is 1-Pv(E), where Pv(E) is a Fermi function with Fermi level EFv.

• Both the concentrations of electrons n(E) and holes p(E) can be 
large.
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Carriers in quasi-equilibrium
E

Eg

Bandedge Ev

EFv
p(E)

n(E)

Carrier concentration

Pv(E)

11/2

E

Bandedge Ec EFc

1

Pc(E)

1/2

Excess electrons in the normally
depeleted region

Excess holes in the normally
depeleted region

EF
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Carrier lifetime
 When the electron and hole concentrations in a 

semiconductor are higher than their respective equilibrium 
concentrations, due to current injection or optical excitation, 
the excess carriers will relax toward their respective thermal 
equilibrium concentrations through recombination processes.

 The relaxation time constant for excess electrons is the 
electron lifetime,

 The relaxation time constant for excess holes is the hole 
lifetime,
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Carrier lifetime
 From these relations we find that

 The lifetime of the minority carriers in a semiconductor is 
called the minority carrier lifetime, and that of the majority 
carriers is called the majority carrier lifetime.

 E.g.  In an n-type semiconductor, e is the majority carrier 
lifetime, and h is the minority carrier lifetime.  
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Radiative efficiency
 The total recombination rate for the excess carriers in a 

semiconductor can be expressed as the sum of radiative and 
nonradiative recombination rates:

R = Rrad + Rnonrad

 The lifetime of an excess electron-hole pair associated with 
radiative recombination is called the radiative carrier 
lifetime, rad, and that associated with nonradiative
recombination is called the nonradiative carrier lifetime, 
nonrad.

 They are related to the total spontaneous carrier 
recombination lifetime, s, of the excess carriers by

1/s = 1/rad + 1/nonrad
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Radiative efficiency
 The spontaneous carrier recombination rate, s, is defined as

s = 1/s

 This parameter is the total rate of carrier recombination 
including the contributions from all, radiative and 
nonradiative, spontaneous recombination processes but 
excluding the contribution from the stimulated recombination 
process.

 In the presence of stimulated emission, the effective 
recombination rate of the carriers can be much higher than 
that given by s because of stimulated recombination.

 The radiative efficiency, of the internal quantum efficiency, of 
a semiconductor is defined as 

i = Rrad / R = s / rad
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Band-to-band optical 
transitions

61
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Conditions for absorption and emission
• Conservation of energy:  the absorption or emission of a photon of 
energy h requires that the energies of the two states involved in the 
interaction be separated by h (a resonance process). 

E2 – E1 = h
• Conservation of momentum:  momentum must also be conserved 
in the process of photon emission/absorption.

p2 – p1 = h/c = h/

=>  k2 – k1 = 2/

The photon-momentum magnitude h/ is, however, very small in 
comparison with the range of momentum values that electrons
and holes as waves can assume in a semiconductor crystal.  

(p = ħk)

Electron 
momentum

Photon 
momentum
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• The semiconductor E-k diagram extends to values of k of the 
order /a, where the lattice constant a (< 1 nm) is much smaller
than the wavelength  (~1 m)

The momenta of the electron and the hole in the interaction 
must therefore be approximately equal.

=> k2  k1, is called the k-selection rule.  Transitions that 
obey this rule are represented in the E-k diagram by vertical lines, 
indicating that the change in k is negligible.

k-selection rule
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Optical transitions are vertical

 Optical transitions are “vertical” in the band diagram because 
the photon momentum is very small.

 Electrons and holes recombine when they collide with each 
other and shed extra energy.  

 The electron can lose energy by photon emission. 

k

E

k

E

h

absorption spontaneous emission

h
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Direct bandgap semiconductors
• Electroluminescence occurs most efficiently in semiconductors that 
are direct bandgap - electrons and holes on either side of the energy gap 
have the same value of electron wavevector k

=> direct radiative recombination is possible

electron wavevector k

Electron
energy

photon

valence

conduction

Eg
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• The maximum energy of the valence band and the minimum energy 
of the conduction band occur at different values of electron wavevector.
For electron-hole recombination to occur it is essential that the 
electron loses momentum such that it has a value of momentum 
corresponding to the maximum energy of the valence band (to conserve
momentum).

electron wavevector k

Electron
energy

photon

valence

conduction
Phonon emission

Indirect bandgap semiconductors

Eg
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Phonons
• Phonons – quantized crystal lattice vibrations (think phonon as a 
sound wave in the semiconductor crystal, like standing waves on a 
piece of guitar string)
• Phonons are polarized - acoustic phonons and optical phonons 
(longitudinal and transverse)

lattice constant a

• Phonons scatter – one limit to mobility and conductivity.
• Phonons have no spin – The probability of finding a phonon    
of frequency  is given by the Bose-Einstein statistics (i.e. 
phonon is a boson):

fBE() = 1/[exp(h/kBT) – 1]
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Phonon emission and absorption
 Phonons have small energy (phonon freq.  is small, say ~ 

GHz) but large momentum (phonon wavelength is on the 
order of the lattice constant a < 1 nm).
=> phonon emission or absorption is a horizontal transition in 
the energy band diagram

 Photons have large energy (~100 THz) but small momentum
(wavelength ~ hundreds of nm).
=> photon emission or absorption is a vertical transition in 
the band diagram

 Any process that involves the phonon leads to a change in the 
electron wavevector 

=>  Phonons are involved in transitions across the bandgap of 
indirect bandgap materials.  
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• The three-particle recombination process involving a phonon is far 
less probable than the two-particle process exhibited by direct-bandgap
semiconductors.
=>The recombination in indirect-bandgap semiconductors is therefore 
relatively slow (10-2 - 10-4 s) vs. (10-8 – 10-10 s for direct recombination).  

A much longer “minority carrier lifetime” (before the excess 
minority carriers recombine with the majority carriers) 

The competing nonradiative recombination processes 
(i.e. converting the carrier recombination energy to heat) 
which involve lattice defects and impurities (e.g. precipitates of 
commonly used dopants) become more likely as they allow carrier 
recombination in a relatively short time in most materials.

Photon emission is unlikely in an indirect-bandgap semiconductor
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• Nonradiative recombination occurs via a number of independent
competing processes including the transfer of energy to lattice 
vibrations (creating one or more phonons) or to another free electron
(Auger process).  
• Recombination may also take place at surfaces, and indirectly via
“traps” or defect centers, which are energy levels that lie within the 
forbidden band associated with impurities or defects associated with 
grain boundaries, dislocations or other lattice imperfections.

Nonradiative recombination

trap

*An impurity or defect state can act
as a recombination center if it is
capable of trapping both an electron
and a hole.  Impurity-assisted
recombination may be radiative or 
nonradiative. 
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Some direct and indirect bandgap semiconductors

material Recombination coeff.  (cm3 s-1)Bandgap energy (eV)

GaAs 7.21  10-10Direct: 1.42

*Silicon is not an emitter material, as its holes and electrons do not
recombine directly, making it an inefficient emitter.

InAs 8.5  10-11Direct: 0.35

InSb 4.58  10-11Direct: 0.18

Si 1.79  10-15Indirect: 1.12

Ge 5.25  10-14Indirect: 0.67

GaP 5.37  10-14Indirect: 2.26
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Photon absorption is not unlikely in an indirect-bandgap
semiconductor

• Although photon absorption also requires energy and momentum 
conservation in an indirect-bandgap semiconductor, this is readily
achieved by means of a two-step sequential process.

• The electron is first excited to a high energy level within the 
conduction band by a k-conserving vertical transition.  
• It then quickly relaxes to the bottom of the conduction band by a 
process called “thermalization” --- its momentum is transferred to 
phonons (i.e. the conduction electrons collide with the lattice).  
The generated hole behaves similarly.

• As the process occurs sequentially, it does not require the 
simultaneous presence of three bodies and is thus not unlikely.  
Silicon is therefore a photon detector, though still less efficient than 
direct-bandgap materials!
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electron wavevector k

Electron
energy

h

Photon absorption in an indirect-bandgap semiconductor
 via a vertical (k-conserving) transition

thermalization
The electron collides with the lattice
to produce phonons (phonon emission)
and drops to the minimum of the 
conduction band.

The hole does the same and raises to 
the maximum of the valence band.  

Eg

e.g. Silicon absorbs light with wavelengths shorter than 1.1 m which 
correspond to photon energy larger than the bandgap energy of 1.1 eV
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Direct transition rates
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Energies and momenta of the electron and hole with 
which a photon interacts

• Conservation of energy and momentum require that a photon of 
frequency  interact with electrons and holes of specific energies and 
momenta determined by the semiconductor E-k relation.

• Using the parabolic approximation of the E-k relation for a direct-
bandgap semiconductor, and Ec – Ev = Eg

E2 – E1 = ħ2k2/2mc + Eg + ħ2k2/2mv = h

k2 = (2mr/ħ2) (h – Eg), where 1/mr = 1/mv + 1/mc

E2 = Ec + (mr/mc) (h – Eg)

E1 = Ev – (mr/mv) (h – Eg) = E2 – h

(mr:  reduced
effective mass)
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Optical joint density of states
• Here we determine the density of states () with which a photon
of energy h interacts (absorption or emission) under conditions of 
energy and momentum conservation in a direct-bandgap semiconductor.

• This quantity incorporates the density of states in both the conduction
and valence bands and is called the optical joint density of states.

• We can relate () to the density of states c(E2) in the conduction 
band as [recall c(E) = ((2mc)3/2/22ħ3) (E – Ec)1/2]

c(E2) dE2 = () d

=> () = (dE2/d) c(E2) = (hmr/mc) c(E2)
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• We can obtain the optical joint density of states - the number of states 
per unit volume per unit frequency:

() = ((2mr)3/2/ħ2) (h – Eg)1/2 h ≥ Eg

h
Eg

()

• The density of states with which a photon of energy h interacts 
increases with (h – Eg) in accordance with a square-root law.

 (h – Eg)1/2

Optical joint density of states
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E2

Emission and absorption conditions
• Emission condition:  A conduction-band state of energy E2 is filled
(with an electron) and a valence-band state of energy E1 is empty (i.e.
filled with a hole)

Pe() = Pc(E2) [1 – Pv(E1)]

• Absorption condition:  A conduction-band state of energy E2 is 
empty and a valence-band state of energy E1 is filled

Pa() = [1 – Pc(E2)] Pv(E1)

k

E

h

k

E

h

E1

E2

E1

EFC
EFv

EFC
EFv
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Direct transition rates
• In the presence of an optical radiation field that has a spectral energy
density of u() (J Hz-1 m-3), the induced transition rates per unit volume
of the semiconductor in the spectral range between  and  + d are

Ra() d = B12 u() Pv(E1) [1 – Pc(E2)] () d (m-3 s-1)

For optical absorption associated with upward transitions of electrons 
from the valence band to the conduction band, and 

Re() d = B21 u() Pc(E2) [1 – Pv(E1)] () d (m-3 s-1)

For stimulated emission resulting from downward transitions of electrons
from the conduction band to the valence band.

Absorption

Stimulated 
emission



8080

• The spontaneous emission rate is independent of u()

Rsp() d = A21 Pc(E2) [1 – Pv(E1)] () d (m-3 s-1)

• The A and B coefficients are known as the “Einstein A and B 
coefficients.”

• The coefficient A21 can be expressed in terms of a spontaneous lifetime

A21 = 1/sp

B12 = B21 = c3/(8n3h3sp) 

where n is the refractive index of the semiconductor

Einstein A and B coefficients

Spontaneous 
emission
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A semiconductor in thermal equilibrium
• A semiconductor in thermal equilibrium has only a single Fermi 
function 
The emission condition:  

The absorption condition:

• The Fermi level lies within the bandgap, away from the band edges
by at least several kBT, we may use the exponential approximation

Pe() = P(E2) [1 – P(E1)]

Pa() = [1 – P(E2)] P(E1)

E2

k

E

h

E1

EF

k

E

h

E2

E1

EF
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A semiconductor in thermal equilibrium
• A semiconductor in thermal equilibrium has only a single Fermi 
function 

The emission condition:  

• If the Fermi level lies within the bandgap, away from the band edges
by at least several kBT, we may use the exponential approximation to
the Fermi function 

Pe() = P(E2) [1 – P(E1)]

P(E2) = [1 + exp((E2-EF)/kBT)]-1 ≈ exp ((EF – E2)/kBT)

1 – P(E1) = 1 – [1 + exp((E1-EF)/kBT)]-1 ≈ exp ((E1 – EF)/kBT)

Pe() ≈ exp ((E1 – E2)/kBT) = exp (–h/kBT) (Boltzmann distribution!)
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A semiconductor in thermal equilibrium
• A semiconductor in thermal equilibrium has only a single Fermi 
function 

The absorption condition:  

• If the Fermi level lies within the bandgap, away from the band edges
by at least several kBT

Pa() = P(E1) [1 – P(E2)]

P(E1) = (1 + exp(E1-EF)/kBT)-1 ≈ 1

1 – P(E2) = 1 - (1 + exp(E2-EF)/kBT)-1 ≈ 1

Pa() ≈ 1
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A semiconductor in thermal equilibrium
• A semiconductor in thermal equilibrium has only a single Fermi 
function 

The probability of absorption to spontaneous emission:  

Pa()/Pe() ≈ exp (h/kBT)

(Boltzmann distribution!)

e.g.  At T = 300 K, thermal energy kBT = 26 meV and photon 
energy h = hc/ = 2.5 eV ( ~ 0.5 m), 

Pa()/Pe() ≈ exp (2.5/.026) ≈ 6  1041

=> Pe() << Pa()
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A semiconductor in thermal equilibrium

 For a semiconductor in thermal equilibrium, the upward and 
downward transition rates must be equal

B12 u() Pa() = A21 Pe() + B21 u() Pe() 

 Thus the energy density of the radiation field is

u() = A21 Pe() / (B12 Pa() - B21 Pe())

= (A21/B21) / [(B12/B21) (Pa()/Pe()) – 1]

= (A21/B21) [(B12/B21) exp(h/kBT) – 1]-1
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Einstein relations

 Again, comparing with Planck’s law of blackbody radiation 
energy density:  

u() = (8hn33/c3) [exp(h/kBT) – 1]-1

 Einstein relations:

B12 = B21

A21/B21 = 8hn33/c3

(or A21 = 8n2/c3  h  B21) 
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• The spontaneous emission rate (for h ≥ Eg):
Rsp() = ((2mr)3/2/ħ2sp) (h – Eg)1/2 exp (–h/kBT)

=>  A parameter that increases with temperature at an exponential rate.

• The spectrum has a low-frequency cutoff at  = Eg/h and extends
over a range of frequencies of approximate with 2kBT/h

1.2 1.3 1.4 1.5 1.6 1.7

Rsp()

h

Eg

kBT = 0.026 eV

 exp (-h/kBT)
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e.g. We consider direct band-to-band optical transitions in GaAs at 
= 850 nm wavelength at 300 K.  (a) Find the reduced effective mass mr
for GaAs.  (b) Find the energy levels, E2 and E1, for the optical 
transitions at this wavelength.  (c) Calculate the value of the density of
states () for these transitions.  (d) By taking sp = 500 ps, find the
spontaneous emission rate Rsp() for intrinsic GaAs at this optical
wavelength.  (assume mc = 0.067 mo and mv = 0.52 mo)   

k

E

1.424 eV
850 nm

Example
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• The reduced effective mass mr = mcmv/(mc + mv) = 0.0594 mo

• The photon energy for  = 850 nm is h = 1.2398/0.85 eV = 1.459 eV

E2 = Ec + (0.0594/0.067) (1.459 – 1.424) eV = Ec + 31 meV

E1 = Ev – (0.0594/0.52) (1.459 – 1.424) eV = Ev – 4 meV

• The density of states:

() = 4 (2 x 0.0594 x 9.11 x 10-31)3/2 / (6.626 x 10-34)2

x [(1.459 – 1.424) x 1.6 x 10-19]1/2 m-3 Hz-1

= 7.63 x 1010 m-3 Hz-1
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• To find Rsp(), we need to first calculate Pc(E2) (1 – Pv(E1)).
For intrinsic GaAs at room temperature, EF is near the middle of the
bandgap, thus E2 – EF >> kBT and EF – E1 >> kBT, and we can use the 
exponential approximation of the Fermi function.

Pc(E2) ≈ exp (EF – E2)/kBT and 1 – Pv(E1) ≈ exp (E1 – EF)/kBT
Pc(E2) (1 – Pv(E1)) ≈ exp (E1 – E2)/kBT = exp –h/kBT

With sp = 500 ps, we calculate Rsp():

Rsp() = (1/500x10-12) e-1.459/0.0259 x 7.63 x 1010 m-3 = 5.23 x 10-5 m-3

This is the spontaneous emission rate per unit spectral bandwidth of 
unexcited intrinsic GaAs in the thermal equilibrium state at 300 K at
h = 1.459 eV for  = 850 nm.
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Optical gain
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Optical gain
 The absorption and gain coefficients contributed by direct 

band-to-band transitions in a semiconductor are

 By definitions () = -()
 The relations above are valid for carriers in either an 

equilibrium state or a quasi-equilibrium state. 
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Optical gain
 In thermal equilibrium, the intrinsic absorption spectrum is 

given by

 Thus, the gain and absorption spectra of a semiconductor in 
an equilibrium or a quasi-equilibrium at a given temperature 
T can be expressed as 

For direct band-to-band transitions under the condition that 
h ≥ Eg >> kBT

93
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Condition for population inversion in a 
semiconductor
 For the active region the condition for stimulated emission is 

satisfied for radiation of frequency 

Eg/h <  < (EFc – EFv)/h

=>  any radiation of this frequency which is confined to the 
active region will be amplified.

Eg

Ev EFv

Ec
EFc

h

Eg EFc-EFV


The peak emission 
frequency is always 
larger than the
bandgap energy, with
the frequency 
determined by the 
injection.

Stimulated emission
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Degenerate 
semiconductors

95
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Degenerate pn junction
 Population inversion may be obtained at a p-n junction by 

heavy doping (degenerative doping) of both the p- and n-type 
material.

 Heavy p-type doping (p+-doped) with acceptor impurities 
causes a lowering of the Fermi level into the valence band.

 Heavy n-type doping (n+-doped) causes the Fermi level to 
enter the conduction band. 

k

E
EFc

k

E

EFv

n+-dopedp+-doped
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Heavy p-type doping
E

Eg

Ec

Ev EFv p(E)

n(E)

Carrier concentration

Pv(E)

1

EA

1/2

E
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Heavy n-type doping

E

Eg

Ec

Ev

EFc

p(E)

n(E)

Carrier concentration

Pc(E)

1

ED

1/2

E



9999

• Heavy p-type doping with acceptor impurities causes a lowering of the 
Fermi level into the valence band.

• Heavy n-type doping causes the Fermi level to enter the conduction 
band. 

• The material is referred to as a degenerate semiconductor if the (quasi) 
Fermi level lies inside the conduction or valence band. 

• The exponential approximation of the Fermi function cannot be 
used, s.t. np ≠ ni

2.  (the law of mass action becomes invalid)

The carrier concentrations must be obtained by numerical solution.

Degenerate semiconductors
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Determination of the quasi-Fermi levels

Given the concentrations of electrons n and holes p in a degenerate
semiconductor at T = 0o K, one can show that the quasi-Fermi levels are

EFc = Ec + (32)2/3 (ħ2/2mc) n2/3

EFv = Ev - (32)2/3 (ħ2/2mv) p2/3

These equations are approximately applicable for an arbitrary
temperature T if n and p are sufficiently large so that EFc – Ec >> kBT
and Ev – EFV >> kBT, i.e. if the quasi-Fermi levels lie deep within the
conduction and valence bands.
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Semiconductor junctions
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pn junction
 The semiconductor laser, light-emitting diode (LED), and 

detector have electronic structures very similar to a 
semiconductor diode.

 The diode structure allows current to flow in only one 
direction and it exhibits a “turn-on” voltage.  

 Typical turn-on voltages are ~1.5 V for GaAs, ~0.7 V for Si, 
~0.5 V for Ge.  

 The emitter and detector use adjacent layers of p and n type 
material or p, n and i (intrinsic or undoped or lightly doped) 
material.  (forming p-n junction or p-i-n junction)

 For emitters, applying a forward bias voltage, controls the 
high concentration of holes and electrons near the junction 
and produces efficient carrier recombination for photon 
production.

 For detectors, reverse bias voltages increase the electric field 
at the junction, which efficiently sweeps out any hole-electron 
pairs created by absorbing incident photons.  
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Optical emission and absorption in semiconductor junctions

k

E

absorption spontaneous emission stimulated emission

h

h
h
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h iinjected

h
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Energy bands and electrostatic potential

 A semiconductor in thermal equilibrium is characterized by a 
spatially constant Fermi level.  This statement is true for both
homojunctions and heterojunctions.

 EFp = EFn = EF for a junction in thermal equilibrium, where 
EFp and EFn are the Fermi levels in the p and n regions.

 Because EFp lies close to the valence-band edge in the p 
region but EFn lies close to the conduction-band edge in the n 
region, a constant Fermi level throughout the semiconductor 
in thermal equilibrium leads to bending of the energy bands 
across the junction.

 This band bending occurs primarily within the depletion 
layer.  The energy bands remain relatively flat outside the 
depletion layer on both p and n sides. 
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p-n homojunction in thermal equilibrium 
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Built-in electric field
 When the two chunks of material are combined, the electrons 

can easily diffuse from the n-type material to the p-type 
material; similarly, holes diffuse from “p” to “n”.  This 
establishes equilibrium for the combined system.

 The diffusing electrons attach themselves to the p-dopants 
(ionized acceptors) on the p-side but they leave behind 
positively charged cores (ionized donors).  The separated 
charge forms a dipole layer.

 The direction of the built-in electric field prevents the 
diffusion process from indefinitely continuing. 

 Electrons on the n-side of the junction would be required to 
surmount the barrier to reach the p-side by diffusion
=>energy would need to be added to the electron
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p-n homojunction in thermal equilibrium
 Because the bandgap remains constant across a 

semiconductor homojunction, at any given location the 
conduction- and valence-band edges have the same gradient.

 This spatially varying band-edge gradient creates a spatially 
varying built-in electric field that is seen by both electrons 
and holes:  Ee = Eh at any given location.

 In thermal equilibrium, this built-in electric field results in a 
built-in electrostatic potential across the p-n junction.

 The height V0 of this built-in potential is called the contact 
potential of the junction.

 Recall that the energy bands refer to the energy of an 
electron.  The n region has a lower energy for an electron 
than the p region.  Because an electron carries a negative 
charge of q = -e, the built-in electrostatic potential is higher 
on the n side than on the p side.   
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p-n homojunction in thermal equilibrium

 For a p-n homojunction in thermal equilibrium
 Ecp – Ecn = Evp – Evn = eV0

where Ecp and Ecn are the conduction-band edge in 
the homogeneous p and n regions, and Evp and Evn
are the valence-band edges in the homogeneous p 
and n regions.

 eV0 is the same energy barrier for an electron on the 
n side to move to the p side as that for a hole on the 
p side to move to the n side.
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Four current components

Particle flow Current

Hole diffusion

Hole drift

Electron diffusion

Electron drift

Ecp

Evp

EFp Ecn

Evn

EFn

qV0

E
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Diffusion current densities
 Hole diffusion current density:

Jp,diff = -q Dh dp(x)/dx

x

dp(x)/dx (-ve gradient)

Particle flow in +x

p(x)

Diffusion coefficient (cm2/s)
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Drift current densities
 Hole drift current density: 

Jp,drift = q p(x) pE(x)

where p is the mobility [cm2/V-s]

 Note that pE(x) = v(x) “hole carrier velocity”

=> Jp,drift = q p(x) v(x)

 Also note that q p(x) p = p “hole carrier conductivity”

=> Jp,drift = p E(x) “Ohm’s Law”

V0
Vp

Vn

E

v
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Contact potential
 To obtain a quantitative relationship between V0 and the 

doping concentrations on each side of the junction, we must 
use the requirements for equilibrium in the drift and diffusion
current equations.  

 E.g. the drift and diffusion components of the hole current 
just cancel at equilibrium.

Jp(x) = q[pp(x)E(x) – Dh dp(x)/dx] = 0

 p/Dh) E(x) = (1/p(x)) dp(x)/dx

 (-q/kBT) (dV(x)/dx) = (1/p(x)) (dp(x)/dx)

where we use the Einstein relation for Dh = p kBT/q

and the relation E(x) = -dV(x)/dx
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Contact potential
(-q/kBT) ∫ dV = ∫ (1/p) dp

(-q/kBT) (Vn – Vp) = ln pn – ln pp = ln (pn/pp)

 V0 = (kBT/q) ln (pp/pn)

where pp and pn are the equilibrium hole concentrations on the p 
side (majority) and the n side (minority) of the junction
Assume Na acceptors/cm3 on the p side and a concentration of Nd
donors/cm3 on the n side (recall np = ni

2), 

 V0 = (kBT/q) ln (Na/(ni
2/Nd)) = (kBT/q) ln(NaNd/ni

2)

e.g. At 300K for silicon, for Na = Nd = 1016 cm-3 and ni = 1010 cm-3, 
V0 = 0.72 V (recall that silicon has a bandgap energy of ~1.1 eV)

Vp

Vn pn

pp
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Depletion layer width
 The depletion layer has a width of 

W = xp0 + xn0

 Charge neutrality of the semiconductor => the total negative 
space charges on the p side must be equal to the total positive 
space charges on the n side

Naxp0 = Ndxn0

 The depletion layer is unevenly distributed between the p and 
n regions, depending on the relative doping on the two sides -
penetrates deeper into the region that has a lighter doping 
concentration.

xp0 = W Nd/(Na+Nd); xn0 = W Na/(Na+Nd)

p n
-
-
-
- -

-
-
- +

+
+
+ +

+
+
+

W

0-xp0 xn0 x
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 The width of the depletion layer can be expressed as a 
function of the applied bias voltage V:

W = [(2/q) (1/Na + 1/Nd) (V0 – V)]1/2

=>  The depletion layer narrows with forward bias (V > 0),   
broadens with reverse bias (V < 0).

e.g. for Na = Nd = 1016 cm-3 and ni = 1010 cm-3, V0 = 0.72 V, 
 = 11.8 0 (dielectric permittivity), q = e = 1.6 x 10-19 C, 
0 = 8.85 x 10-14 F cm-1

=>  W = 4.34 x 10-5 cm = 0.434 m for a silicon pn junction

Depletion layer width
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Minority carrier concentration under equilibrium
 Another useful form relating the equilibrium concentrations 

to the contact potential:  pp/pn = exp(qV0/kBT)

 Using the equilibrium condition (law of mass action) 

ppnp = ni
2 = pnnn

 We can relate the minority carrier concentration (e.g. holes in 
the n side) to the majority carrier concentration (e.g. holes in 
the p side) 

pn = pp exp(-qV0/kBT)
np = nn exp(-qV0/kBT)

This gives the minority carrier concentration under zero bias.  (e.g. pp = Na = 1016 cm-3, 
qV0 = 0.72 eV, pn = 9.4  103 cm-3, T = 300 K) 
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Forward biasing the diode
 Applying a forward bias to the diode produces a current and 

interrupts the equilibrium carrier population.
 Any time the carrier population departs from that predicted 

by the Fermi-Dirac distribution, the device must be described 
by nonequilibrium statistics.

 To induce current, we apply an electric field to reduce the 
electrostatic barrier at the junction s.t. diffusion can again 
occur.

 Because the built-in electric field for the equilibrium case 
points from n to p
=> we must apply an electric field Eappl that points from p to n
to reduce the barrier. 

i.e. connect the p-side of the diode to the positive terminal of 
a battery and the n-side to the negative terminal.   
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(excess minority
carriers)

Forward-biased p-n junction

• Upon forward bias V, minority carriers are injected (referred to as current 
injection), the junction region can reach a quasi-equilibrium state in which 
both electrons in the p-type and holes in the n-type exceed the thermal 
equilibrium concentrations and are characterized by two separate Fermi 
functions with quasi-Fermi levels EFc, EFV, where EFc – EFv = eV.   

e- diffuse

h+ diffuse

EFp EFn

e(V0 – V)
EFc

EFv

energy

position

eV

(excess minority
carriers)

Eg

Eg

+ -V
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Minority carrier injection
• The junction is forward biased by applying a +ve voltage V to 
the p region.

• The net effect of the forward bias is a reduction in the height of 
the potential energy barrier by an amount eV, and a reduction in
the width of the depletion layer.

=>  excess majority carriers holes and electrons that have a higher
energy can then diffuse across the junction 

*The excess majority carrier holes and electrons that enter the
opposite n and p regions, become minority carriers and recombine
with the local majority carriers after some penetration depth - minority 
carrier injection.
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Fermi level splitting
 If we insist on describing the forward biased pn junction with 

a single Fermi level EF, then moving it closer to one of the 
bands increases the number of carriers in that band but 
reduces the number in the other. 

=>  the single Fermi level must split into two in order to 
increase the number of carriers in both bands 

 The energy difference between the electron quasi-Fermi 
energy level and the conduction band provides the density of 
electrons in the conduction band 

 A similar statement holds for holes and the valence band.
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Separate Fermi function for each band; the two associated Fermi 
levels, denoted EFc and EFv, are known as quasi-Fermi levels.

Quasi-Fermi levels

• For a semiconductor in quasi-equilibrium, the probability that a 
particular conduction-band energy level E is occupied by an electron 
is Pc(E), a Fermi function with Fermi level EFc.

• The probability that a valence-band energy level E is occupied by a 
hole is 1-Pv(E), where Pv(E) is a Fermi function with Fermi level EFv.

• Both the concentrations of electrons n(E) and holes p(E) can be 
large.
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Excess minority carrier distributions

p n
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xn0
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diffuse
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diffusion 
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Minority carrier injection
 We expect the minority carrier concentration on each side of a 

p-n junction to vary with the applied bias because of 
variations in the diffusion of carriers across the junction.

 Recall the equilibrium minority hole concentration

pn/pp = exp(-qV0/kBT)

becomes with bias

p(xn0)/p(-xp0) = exp(-q(V0-V)/kBT)

 This equation relates the altered barrier (V0-V) to the steady 
state hole concentrations on the two sides of the depletion 
region with either forward or reverse bias.
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Minority carrier injection
 For low-level injection, we assume the relative change in 

majority carrier concentration to vary only slightly with bias 
compared with equilibrium values.

p(xn0)/pn = exp(qV/kBT), assuming p(-xp0) = pp

=> With forward bias, the ratio suggests a greatly increased 
minority carrier hole concentration at the edge of the space 
charge region on the n side p(xn0) than was the case at 
equilibrium.

 The exponential increase of the hole concentration at xn0
(likewise of the electron concentration at -xp0) with forward 
bias is referred to as minority carrier injection. 
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Excess carrier concentrations

 The excess hole concentration pn at the edge of the space 
charge region xn0

pn = p(xn0) – pn = pn(exp(qV/kBT) – 1) 

And similarly for excess electrons on the p side

np = n(-xp0) – np = np(exp(qV/kBT) – 1)
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Distributions of excess carriers
 The excess carriers diffuse.  We therefore expect that 

injection leading to a steady concentration of pn excess 
holes at xn0 to diffuse deeper into the n region, and 
recombine with majority electrons in the n material.  

 We write the diffusion equation for each side of the junction 
and solve for the distributions of excess carriers (n and p):

p(xn) = pnexp(-xn/Lh) = pn(exp(qV/kBT) – 1)exp(-xn/Lh)

n(xp) = npexp(-xp/Le) = np(exp(qV/kBT) – 1)exp(-xp/Le)

where Lh is the hole diffusion length in the n side
Le is the electron diffusion length in the p side
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Diffusion length
 The electron diffusion length Le = (Dee)1/2 in the p region.
 The hole diffusion length Lh = (Dhh)1/2 in the n region. 
 Here e is the lifetime of the minority electrons in the p 

region.
 h is the lifetime of the minority holes in the n region.
 They are the minority carrier lifetimes in separate regions on 

the two opposite sides of the junction.  Thus, e and h that 
define Le and Lh here are independent of each other.

 Because of charge neutrality in the diffusion regions, the 
concentration of majority carriers also vary in space 
correspondingly:

pp(x) – pp = np(x) – np, for x < -xp0
nn(x) – nn = pn(x) – pn, for x > xn0
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Hole diffusion current
 The hole diffusion current at any point xn in the n material 

can be calculated as

Ip(xn) = -qADh dp(xn)/dxn

= (qADh/Lh)pn exp(-xn/Lh) 

= (qADh/Lh) p(xn)

where A is the cross-sectional area of the junction.

 The hole diffusion current at each position xn is proportional 
to the excess hole concentration at that point.  
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Total hole injection current / electron injection current

 The total hole current injected into the n material at the 
junction can be obtained simply by evaluating at xn=0:

Ip(xn=0) = (qADh/Lh) pn = (qADh/Lh) pn(exp(qV/kBT) – 1)

 Similarly, the electron injection current at the p side of the 
junction

In(xp=0) = (-qADe/Le) np = (-qADe/Le) np(exp(qV/kBT) – 1)

(the current is opposite to the xp-direction)
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Diode equation
 If we neglect recombination in the space charge region

(known as the Shockley ideal diode approximation), we can 
consider that each injected electron reaching –xp0 must pass 
through xn0.  
=>  the total diode current I at xn0 can be calculated as the 
sum of Ip(xn = 0) and –In(xp = 0):

I = Ip(xn =0) – In(xp=0) 

= qA[(Dh/Lh) pn + (De/Le) np] (exp(qV/kBT) – 1) 

= I0(exp(qV/kBT) – 1)

 This is the diode equation.  The bias voltage V can be 
positive (forward bias) or negative (reverse bias).
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Current-voltage (I-V) curve of an ideal diode

I = I0(exp(qV/kBT) – 1)

I

V
-I0

+ -V

- +V
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Capacitance
 There are two types of capacitance associated with a p-n

junction:
 The junction capacitance, Cj, also known as the depletion-layer 

capacitance
 The diffusion capacitance, Cd, also known as the charge-storage 

capacitance
 In a junction under reverse bias, only the junction 

capacitance is important.
 In a junction under forward bias, the diffusion capacitance 

dominates.
 The depletion layer acts as a capacitor by holding negative 

space charges on the p side and positive space charges on the 
n side:

Q = eNaxpA = eNdxnA = e(NaNd/(Na+Nd))WA

where A is the cross-sectional area of the junction
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Capacitance
 The junction capacitance associated with depletion 

layer is given by

Cj = |dQ/dV| = A/W

 Because the width of the depletion layer decreases 
with forward bias but increases with reverse bias, the 
junction capacitance increases when the junction is 
upon forward bias voltage but decreases when it is 
upon a reverse bias voltage.
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Capacitance
 Because the diffusion capacitance, Cd, is associated with the 

storage of minority carrier charges in the diffusion region, it 
exists only when a junction is under forward bias.

 This capacitance is a complicated function of the minority 
carrier lifetime and the modulation frequency of the bias 
voltage, but it is directly proportional to the injection current.

 When a junction is under forward bias, Cd can be 
significantly larger than Cj at high injection currents though 
Cj can already be large in this situation (due to the narrowing 
of the depletion region).

 When a junction is under reverse bias, Cj is the only 
capacitance of significance though it can be small.  

Thus, the capacitance of a junction can be substantially 
smaller when it is under reverse bias than when it is under 
forward bias.
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Heterojunctions
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Heterojunctions

 There are two categories of semiconductor junctions: 
homojunctions and heterojunctions.

 We have briefly reviewed homojunctions above.  
 A heterojunction is formed between two different 

semiconductors.  
 A heterojunction is normally formed between two lattice-

matched semiconductors of different bandgaps.  
 Because the two semiconductors that form a heterojunction

have different bandgaps, they can be either of different 
conductivity types or of the same conductivity type, such as 
p-P, n-N, p-N and P-n junctions, where p, n represent narrow-
gap semiconductors and P, N represent wide-gap 
semiconductors. 
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Heterojunctions

 The major differences among p-n homojunctions and p-N and 
P-n heterojunctions are their energy band structures.

 The difference in the electric permittivities, ep and en, of the 
p and n regions can be significant for a p-N or P-n 
heterojunction but is practically negligible for a p-n
homojunction.

 Other than these differences, these junctions have similar 
electrical characteristics.  The discussions and the 
mathematical relations above regarding the depletion layer, 
the carrier distribution, the current-voltage characteristics, 
and the capacitance are treated generally and are valid for 
both homojunctions and heterojunctions.  
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Energy bands and electrostatic potential
 For a homojunction, the energy bands remain continuous and smooth 

across the junction because the semiconductors on the two sides of the 
junction have the same bandgap.

 For a heterojunction, the semiconductors on the two sides of the junction 
have different bandgaps.

 At the junction where these two semiconductors are joined together, the 
disparity in their bandgaps results in a discontinuity of Ec in the 
conduction-band edge and a discontinuity of Ev in the valence-band 
edge.

Ec + Ev = Eg, 

where Eg is the difference between the bandgaps of the two dissimilar 
semiconductors.

 The conduction-band offset Ec is determined by the difference in the 
electron affinities of the two semiconductors.  The valence-band offset 
Ev is then fixed by the bandgap difference.

 In practice, these parameters are measured experimentally for each given 
pair of semiconductors.  For GaAs-AlxGa1-xAs heterojunctions, Ec ≈ 0.65 
Eg and Ev ≈ 0.35 Eg.
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Energy bands for heterojunctions
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p-N heterojunction in thermal equilibrium
 For a p-N heterojunction, the semiconductor on the n-side has 

a larger bandgap than that on the p side: Egn > Egp.  Therefore
 Ec + Ev = Egn – Egp = Eg
 Because of the presence of band offsets at the junction, we 

have
Ecp – Ecn = eV0 – Ec
Evp – Evn = eV0 + Ev

where V0 is the contact potential of the p-N junction.
 In contrast to the case of a p-n homojunction, where electrons 

and holes have the same energy barrier of eV0, electrons and 
holes have different energy barriers in the case of a p-N 
junction. 
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p-N heterojunction in thermal equilibrium
 Though the energy barriers for electrons and holes to cross a 

p-N junction are different, electrons and holes see the same 
spatially varying built-in electric field because the 
conduction- and valence-band edges are parallel to each other 
and have the same gradient at every location except at the 
junction where the discontinuities of the energy bands take 
place.

 Therefore, we still have a common electrostatic field Ee = Eh, 
at any given location for both electrons and holes.
=>  there is a common built-in electrostatic potential across a 
p-N junction.  

 For an abrupt p-N junction, there is a sudden change of slope 
in V(x) at the junction because of the sudden change in 
electric permittivity from one semiconductor to the other.
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P-n heterojunction in thermal equilibrium
 For a P-n heterojunction, the semiconductor on the p side has 

a larger bandgap than that on the n side: Egp > Egn.  Therefore, 
Ec + Ev = Egp – Egn = Eg

 The band offsets at the junction lead to 

Ecp – Ecn = eV0 + Ec
Evp – Evn = eV0 – Ev

Where V0 is the contact potential of the P-n junction.  
 Electrons and holes do not have the same energy barrier.  The 

energy barrier for an electron on the n side is now higher than 
that for a hole on the p side by the amount of the bandgap
difference of Eg = Egp – Egn.

 For an abrupt P-n junction, there is also a sudden change of 
slope in V(x) at the junction because of the sudden change in 
electric permittivity across the junction.


